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ABSTRACT 
 
Exact low level geometric representations in 
current CAD systems cannot reflect design 
intents at conceptual stage and using such 
representation for model construction is very 
time consuming and not intuitive.  This paper 
presents a unified approach for imprecise solid 
modelling based on fuzzy logic which allows 
users to specify their vague design intents to 
obtain a rough shape representation and to  
perform important tasks on this rough model 
while retaining its fuzzy characteristics.  These 
tasks range from fuzzy shape specification, 
representation, indexing, retrieval to shape 
evolution and comparison using fuzzy fitness and 
similarity measures.  They are achieved via fuzzy 
reasoning and fuzzy operations on fuzzy 
geometric entities.  We also discuss how fuzzy 
reasoning can be used in composite shape 
construction and configuration design.  These 
methods have been realised for geometric entities 
based on deformable superquadrics. Ongoing 
work is being carried out to extend these 
concepts to generic geometric primitives and to 
integrate fuzzy design constraints to two design 
paradigms: fuzzy parametric and fuzzy feature-
based design. 
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1. INTRODUCTION 
 
One major problem that hinders design is that 
geometric modelling capabilities provided by 
current CAD systems do not allow design intents 
at conceptual stage to be realised satisfactorily.  
The low level geometric representations cannot 
reflect design intents and the construction of a 
model using such representation is very time 
consuming and not intuitive.  At present, 
designers still manually sketch many alternative 
designs for comparative  evaluation before a final 
design is chosen and ported to a CAD system for 
further manipulation and display.  What needed 
is an intuitive and flexible way to provide 
designers with an initial rough model by allowing 
them to specify fuzzy criteria which are more in 
tune with the fuzziness in human thought process 
and subjective perception.  This need for 
fuzziness also arises from our inability to acquire 
and  process adequate information about a 
complex system.  For example, it is difficult to 
extract exact relationships between what humans 
have in mind for objects’ shape and what 
geometric techniques can offer.  The main reason 
for this difficulty is the complexity of rules and 
underlying principles, viewed from both 
perceptual and technical perspectives.   
 
Another problem that would benefit from a fuzzy 
representation of shapes is the lack of robustness 
in solid modelling systems.  Although objects in 
these systems are represented by ideal 
mathematical representations, their coordinates 
are represented approximately inside a computer 
in terms of floating point arithmetic which only 
has finite precision.  The inaccuracy arisen from 
rounding off errors causes ill-conditioned 
geometric problems.  For example, gaps or 
inappropriate intersections may occur and result 
in topological violations.   The fuzziness in shape 
may therefore be categorised into two main 
types: ambiguity or vagueness arising from the 
uncertainty in descriptive language or intention; 
and imprecision or inaccuracy arising from the 
uncertainty in measurement or calculation.   To 
address the problem of lack of robustness in solid 
modelling, a few methods have been presented.  
For example, a fuzzy discrimination function was 
defined in order to classify points in space 
(Barker 1995); and  a comprehensive modelling 
scheme based on interval arithmetic was 
introduced as an alternative geometric 
representation to allow some notion of fuzziness 
(Hu et al. 1996).   
 
Hu et al. also discussed how Allen’s concept of 
temporal logic (Allen 1983) could be extended to 
qualitative 3D spatial relationships in order to 
construct a qualitatative solid model from its 
components. They suggested that reasoning 
based on fuzzy logic could be used to address the 
uncertainty of spatial information where design 
information is deficient.  The quantification of 
these qualitative and uncertain models were 
achieved by  finding the most possible regions of 
their containment.  Horvath et al. (Horvath et al. 
2000) offered a very different approach to deal 
with imprecise modelling, where a vague shape 
was defined by discrete particles represented by 
weakly defined 3D points coupled with a 
quantified degree of  uncertainty.  A singularity 
network which records an object’s topology via 
shape singularities was also introduced as an 
intermediate representation between this discrete 
particles model  and the conventional boundary 
representation.  Some attempts have also been 
made to model inexact shapes using fuzzy sets 
for recognition and generation purposes (e.g. 
Rosenfeld 1984, Martin 1994).  However, much 
work has left unexplored. 
  
This paper presents a unified framework for solid 
modelling based on fuzzy logic which allows 
designers to specify and retain fuzzy 
characteristics in shape while performing a 
number of essential tasks during conceptual 
design stage.  The tasks range from fuzzy shape 
specification and representation to indexing fuzzy 
shapes for retrieval purpose using fuzzy queries. 
Alternative designs can be obtained through the 
evolution and comparative evaluation of fuzzy 
shapes.    We use the concept of fuzzy sets to 
construct the underlying representation for fuzzy 
geometries and devise methods to perform the 
required tasks on these fuzzy geometries.    
 
While the above-mentioned tasks only deal with 
single shape,  most design work in real life 
involve more complex shapes.  Hence it would 
also be advantageous to extend fuzzy reasoning 
to construct composite shapes or to perform 
configuration design.  Two other important area 
which would benefit by this fuzzy approach is 
parametric design and feature-based design.  In 
parametric design, the requirement of full and 
rigid specification of constraints on the degrees 
of freedom of a model is often counter-
productive.  In feature-based design,  the ability 
to include fuzzy features and fuzzy configuration 
would make the paradigm more expressive and 
flexible. 
 
The next section gives an overview of this 
approach while each subsequent section discusses 
important issues for each task and how they are 
addressed.   To test the feasibility and 
performance of this approach, we have chosen 
deformable superquadrics as the first geometric 
representations because they possess both 
qualitative and quantitative characteristics and 
thus are intuitive to work with.     The results on a 
few specific methods have been reported in a 
number of published papers (Pham & Zhang 
2000, Zhang et al. 2001, 2002). The aim of this 
paper is to crystallize these individual efforts into 
a unified approach which lays a foundation for 
further work on more advanced aspects of fuzzy 
solid modelling.    
 
2. OVERVIEW OF FUZZY SOLID 
MODELLING APPROACH 
 
Geometric modelling systems may be viewed as 
consisting of two essential components -
geometric models and design methods - which in 
turn determine the types of systems.  Underlying 
geometric models may be firstly chosen and a 
system is then constructed using design 
techniques that are appropriate for these 
geometric models.  Design techniques are  often 
constrained not only by geometric models 
supported by the systems, but by the exactness of 
these models.  Alternatively, a system may be 
built based on some specified design techniques 
which would limit the choice of available 
geometric models used for representing objects.  
Both approaches suffer some drawbacks.  Ideally, 
designers wish to have less specific geometric 
models in combination with a number of flexible 
and intuitive techniques.  In other words, it would 
be better to separate models from design 
methods, and in particular, to reduce the need to 
know geometric models in detail. 
 
Although fuzzy logic has been used extensively 
in many areas, especially in social sciences and 
engineering (e.g. Zadeh 1999), fewer attempts 
have been made to apply fuzzy logic to shape 
representation and solid modelling.  
Mathematical models are based on algebraic 
operations (equations, integrals), while logic 
models rely on logic-type connectives (and, or, 
if-then), often with linguistic parameters, which 
give rise to rule-based and knowledge-based 
systems.  Fuzzy logic models can combine both 
of these types of modelling via the  fuzzification 
of algebraic and logical operations.  There are 
three common classes of fuzzy logic models:  
information processing model which describes 
probabilistic relationship between sets of inputs 
and outputs; control models which control the 
operations of systems governed by many fuzzy 
parameters; and decision models which model 
human behaviour by incorporating subjective 
knowledge and needs, using decision variables 
(Farwowski and Mital 1986).  A fuzzy solid 
modelling system which provides various 
capabilities ranging from shape specification, 
representation to shape evolution, indexing and 
retrieval should possess properties shared by all 
three classes. 
 
For some applications, fuzzy systems often 
perform better than traditional systems because 
of their capability to deal with non-linearity and 
uncertainty.  One reason is that while traditional 
systems make precise decisions at every stage, 
fuzzy systems retain the information about 
uncertainty as long as possible and only draw a 
crisp decision at the last stage.   Another 
advantage is that linguistic rules, when used in 
fuzzy systems, would not only make tools more 
intuitive, but also provide better understanding 
and appreciation of the outcomes.  We therefore 
use the concept of fuzzy sets to form fuzzy 
geometric entities as an extension of  traditional 
exact geometric entities.  Common techniques 
used in fuzzy system design such as implication, 
aggregation and defuzzification are deployed to 
deal with the propagation of fuzziness when 
different tasks are performed on fuzzy geometric 
entities.   
 
We distinguish three types of terms: perceptual 
descriptors, shape descriptors and shape 
parameters.  Perceptual descriptors cover those 
characteristics of an object perceived by a user in 
terms of aesthetic judgement and responses, e.g. 
an object is stylish or balance.  Shape descriptors 
cover those geometric characteristics which are 
directly concerned with the object shape, e.g. 
bent, twisted.  Shape parameters are quantified 
variables which govern the change in object 
shape as they vary.  The relationships between 
perceptual descriptors and shape descriptors can 
be obtained by carrying out subjective 
experiments in which users are shown objects of 
different shapes and a list of perceptual and shape 
descriptors.  Users are then asked to match these 
descriptors.  An example of such an experiment 
is that reported in (Jindo et al. 1995) for the shape 
design of an office chair.  A chair is considered 
stylish if it is squarish, slightly curved and thin.  
We have also performed a set of subjective 
experiments in order to obtain the mapping of 
shape descriptors to shape parameters for 
deformable superquadrics (Pham & Zhang 2000).    
 
Fig. 1 shows the flow of  important tasks in our 
fuzzy modelling approach.  At the early stage of 
design, a designer may wish to specify a rough 
shape using fuzzy perceptual or shape 
descriptors. The mapping from perceptual to 
shape descriptors can be resolved by symbol 
matching in a rule-based system, while the 
mapping from shape descriptors to shape 
parameters can be done via  fuzzy inference 
rules.   
 
Once a set of fuzzy shape parameters have been 
produced through these mappings from design 
specifications, a corresponding set of fuzzy 
shapes can be obtained by generating the shapes 
from scratch using these parameters, or by 
extracting them from a library of fuzzy shapes 
which contain past successful conceptual designs.  
Thus, in addition to a representation scheme for 
fuzzy shapes, we need appropriate methods for 
indexing and retrieving these shapes.  We also 
need to devise fuzzy similarity measures and 
appropriate ways to order fuzzy shapes.  These 
measures and ordering schemes not only assist 
with decision making during retrieval process, 
but could also be used later for comparative 
evaluation of alternative designs.    
 
The extracted shapes may be used for further 
manipulation.  The manipulation can be done by 
changing the specification, or by directly 
changing the values of the parameters or their 
membership functions.   
 
These fuzzy shapes may also be used as initial 
shapes to start an evolutionary process to 
generate  alternative designs.  We achieve this by 
devising fuzzy genetic algorithms which operate 
on fuzzy representation schemes and  fuzzy 
objective functions.  These fuzzy objective 
functions may be considered as fuzzy fitness 
measures deployed to select individuals at each 
iteration during the evolutionary process.  It is 
certainly true that the creative aspect of each 
design has to come from designers themselves.  
However, the shapes produced under such an 
evolutionary  scheme could be used as a trigger 
for further ideas for design.   
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Fig. 1.  Fuzzy solid modeling tasks 
 
 
Although the above tasks have been presented for 
simple shapes, they are also applicable for more 
complex shapes.  We also wish to increase the 
flexibility in the way composite shapes are 
constructed  and in configuration design.  This 
would require the integration of fuzzy 
characteristics into shape components, their 
topological and spatial relationships and 
constraints placed on these components.  We 
wish to apply the concept of fuzzy sets to relax 
the constraints. 
 
The next section discusses how fuzzy shapes can 
be represented and specified. 
 
3. REPRESENTATION OF FUZZY 
SHAPES 
 
In a previous paper (Pham 2001), we discussed  
how to represent basic  fuzzy geometric entities 
and their relationships using fuzzy logic, and how 
to perform operations on such entities.   These 
entities cover fuzzy points, lines, curves, 
polygons, regions and their 3D counterparts.  Our 
intention was to provide a foundation framework 
for the development of fuzzy geometric 
modelling.  Each fuzzy geometric entity is a 
fuzzy set which is formed from its  exact 
counterpart, where the membership function for 
each set element indicates the degree of 
possibility of its belonging to this set.  For 
example, a fuzzy point is defined as a fuzzy set 
P  such that  )}(,{( ppP Pµ= , where )( pPµ  is 
the membership function  which  has value 
between 0 and 1 (see Fig. 2).  A crisp point is a 
special case where )( pPµ has the value  1  if 
Pp∈ and 0  if Pp∉ .    
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 Fig. 2.  The membership function of a fuzzy point 
    
 
A fuzzy line PQ  which connects two fuzzy 
points P and Q  with membership functions 
)( pPµ and )(qQµ  is defined as a fuzzy set each 
of whose members is a linear combination of a 
pair of points p and q  with  a membership 
function defined as  
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Thus, a fuzzy line may be visualised as a centre 
line with variable thickness.  This thin area of 
space (or thin volume of space for 3D case)  
bounds a family of crisp lines which are formed 
by pairs of endpoints belonging to the two fuzzy 
sets of endpoints (see Figure 3).   
 
 
 
 
 
 
 
  
Fig. 3. A fuzzy line 
 
As an extension of a fuzzy line, a fuzzy plane 
may be viewed as a thin planar shell with 
variable thickness.  This shell encloses a family 
of crisp planes with variable degree of 
membership.  Similarly, a fuzzy polygon is 
composed of fuzzy vertices and fuzzy edges.  
Thus, it may be visualized as having edges of 
variable thickness, or as a family of crisp 
polygons with variable membership values.  
These membership values can be computed using 
min or max operation  on the membership values 
of the edges and vertices that make up a 
particular polygon.  These concepts are readily 
extended to a fuzzy polyhedron for the 3D case. 
  
This representation approach for fuzzy geometric 
entities can be similarly extended to fuzzy 
regions and volumes, and fuzzy free-form curves 
and surfaces.  The concept of fuzziness for each 
entity is built upon its special characteristics, 
particularly those geometric parameters that 
make up the entity and control its shape.  Thus, 
fuzzy free-form curves and surfaces can be 
represented by fuzzy polynomial splines such as 
Bezier and B-splines by using the concept of 
fuzzy control points.  Each of these control points 
may be visualized as a fuzzy set of points located 
within a circle (in 2D case) or a sphere (in 3D 
case).  These points may have different 
membership values.  A fuzzy spline curve is 
therefore represented by a family of curves lying 
within a thin tube and a fuzzy spline surface  is 
represented by a family of surfaces lying within a 
thin shell.      
 
The intersection of a pair of fuzzy entities can be 
performed as two separate tasks.  The first task is 
to compute the intersection of pairs of crisp 
geometry entities (that belong to the two family 
of fuzzy entities) in the same way as in exact 
geometry.  The second task is to compute the 
membership value for each resulting entity using 
the min operation for fuzzy sets. 
 
Boolean operations can also be performed on 
fuzzy regions and volumes by calculating the 
elements that belong to the union and intersection 
of two fuzzy sets and their corresponding 
membership values.  The union of two fuzzy 
regions 1R  and 2R  is defined as a fuzzy subset 
U  of common points u whose membership 
value for either of these regions is non-zero, 
where  ))(,( uuU Uµ=  and  
))(,)((max)(
21
uuu RRU µµµ = .   
 
This formula for )(uUµ  is generally accepted 
for the union of two fuzzy sets.  However, if we 
wish to model more accurately the probability of 
u being a member of the new combined set, then 
it is more appropriate to use the following 
formula:  
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The intersection of two fuzzy regions 1R  and 2R  
is defined as a fuzzy subset J  of common points 
j whose membership values for both regions are 
non-zero, where  ))(,( jjJ Jµ=  and  
))(,)((min)(
21
jjj RRJ µµµ = . 
 
Other concepts such as common fuzzy boundary 
and adjacency can also be resolved by identifying 
those points involved and their membership 
values.  Further details were given in (Pham 
2001).    
 
It is advantageous to retain the notion of 
fuzziness in shapes as long as possible during a 
computational or decision-making process in 
order to avoid early commitments of using the 
approximation of shapes at  each stage because 
errors would accumulate as a result.  However, in 
real life applications, there would come to a stage 
where a crisp representation of a shape is 
required, e.g. an exact description of an object is 
required for manufacturing purposes.  The 
question is how to derive a viable exact geometry 
entity from a fuzzy one?   
The most common defuzzification method is the 
centroid (or centre of gravity) of a fuzzy set A  
which is calculated as its weighted mean, where 
∑∑=
i
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i
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This definition is appropriate for a fuzzy point 
because the ‘balance’ point is obtained.  For  a 
fuzzy line, there are two ways to interpret this 
weighted mean.  The first way is to defuzzify 
each fuzzy endpoint first, before joining them to 
obtain an exact line.  The second way is to apply 
the weighted mean directly to the family of crisp 
lines which make up the fuzzy lines.  Each of 
these crisp lines is represented by a tuple 
),,( iii cm µ   where ii cm ,  are the slope and 
intercept of the line respectively and iµ  is the 
membership value of the line.   Hence the 
weighted mean for the slope and intercept may be 
computed using the same formula to obtain a 
defuzzified line. 
 
In general, the decision on which formula is 
appropriate to be used for the defuzzification of a 
particular fuzzy geometric entity has to be taken 
based on the physical meaning of this entity.  The 
objective is to find the shape which is considered 
the most representative  element of the whole 
fuzzy set in some sense. 
 
To facilitate the illustration of our methodology 
in later chapters, it is worthwhile to discuss in 
detail a special case of how fuzzy shapes are 
represented and specified using the superquadric 
representation.  These superquadrics are more 
intuitive to work with due to their special 
characteristics of having both qualitative and 
quantitative characteristics as well as global 
shape constraints.  We use the super-ellipsoids 
expressed by the following implicit equations and 
their deformations (Barr 1984, Wu and Levine 
1994). 
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where, 21 ,εε  are shape parameters which control 
the surface in north-south direction and west-east 
direction respectively; and 321 ,, aaa  are scalar 
parameters which represent the length of a shape 
along x, y, z axis respectively.  These deformable  
superquadrics have 8 shape parameters which  
represent the shape characteristics  
 
{ε1 , ε2, ,  a2 , a3 , Kx , Ky , k, t}  , 
 
where ε1 and ε2   control the shape 
roundness/squareness; Kx and Ky  control the 
tapering property along x and y axes; k  controls 
the bending property; t controls the twisting 
property; and a2 and a3 control the relative 
dimension along the axes.   The deformations are 
achieved via the following transformations: 
 Tapering: 
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 Bending: 
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where zk *=θ    is the bending angle. 
 
 Twisting: 
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zt   is the twisting 
angle. 
 
Since the shape of an object does not relate to its 
size, we may let a1= 1 and a2, a3 represent the 
ratios a2/ a1,     a3/ a1 . 
    
This representation is very powerful because by 
varying these parameters, we obtain an extensive 
set of solid shapes which also includes common 
regular shapes such as sphere, cuboid, cylinder 
and pyramid.  Figure 4 displays  some examples 
of superquadrics which demonstrate the 
versatility of the representation. 
We define a fuzzy superquadric as a set of shapes 
represented by a set of shape parameters with 
fuzzy sets as values.  In other words, it is a set of 
crisp superquadrics with variable degree of 
membership. 
 
We carried out subjective experiments to gain 
knowledge on how people perceive and describe 
shapes.  Shapes were categorised using 10 shape 
descriptors: roundish, squarish, cylinderish, 
ellipsoidish, pinched, bevel, oblong, tapered, bent 
and twisted.   Three fuzzy linguistic partitions 
were allowed for each shape descriptor: slightly, 
moderately and extremely.  Each parameter was 
partitioned into equally-spaced intervals and is 
varied one at a time. The corresponding shape 
was displayed and the subject was asked to select 
the most suitable shape descriptor. Since some 
ranges of the shape parameters do not produce 
valid 3D shapes or valid shape descriptors, 
certain constraints need to be imposed on the 
range of the shape parameters. 
 
All the deformation parameters were set to zero 
while testing for squarish, roundish, cylinderish, 
ellipsoidish, bevel and pinched property.  For 
each deformation property, all other parameters 
were kept fixed except the corresponding 
deformation parameter.  By using eight shape 
descriptions with specific parameter ranges, only 
a small set of superquadric shapes were used in 
this library of fuzzy shapes.  Many shapes which 
superquadrics can represent were thus not 
contained in the library. However, these 
constraints do not exert adverse effects since our 
main intention was to explore how the linguistic 
shape descriptions can be related to shape 
parameters through a fuzzy inference process. 
Data collected from the experiment was analysed  
using statistical methods and the membership 
function for each shape descriptor was 
constructed based on its frequency distribution.  
Although different types of membership 
functions may be used for curve fitting, we chose 
a triangular function for the sake of efficiency.  It  
is worthwhile to note that some resulting curves 
for different shape descriptors are very similar in 
shape and corresponding range of parameter 
values.  For example, extremely squarish and 
extremely cylinderish are similar with respect to 
1ε  ; while extremely roundish and extremely 
cylinderish are similar with respect to 2ε .  
 
As our intention was to find as many shapes as 
possible, which satisfy specified constraints, the 
Mamdani implication method was the most 
appropriate since it produced the most tolerant 
result.  Similarly, the union operation was chosen 
as the most appropriate aggregation method.   
Commonly used defuzzification methods such as 
centroid, center of maximum or mean of 
maximum may be used to obtain one shape 
candidate which satisfies the given shape 
specification.  However, such a crisp solution is 
of a limited value for conceptual design stage 
where the priority is to explore alternative 
shapes.  
 
 
Fig.4.  Examples of superquadric shapes. 
 
As this fuzzy set of shapes may be viewed as a 
set of design alternatives, we wish to retain the 
fuzziness as long as possible.  A better use for 
such a set, therefore,  is to deploy it as an initial 
search space for further shape optimisation.    
 
Given extra criteria for a specific design, 
evolutionary programming techniques such as 
genetic algorithms can be used to find an optimal 
shape within this set.  Thus,  the aggregated set of 
shapes resulted from the inference process can be 
retained and saved into a database.  In other 
words, a fuzzy set of shape parameters are 
retained as  equally spaced sample discrete data 
sets.  Each tuple of these parameter values 
corresponds to a potential design alternative 
whose shape can be displayed on the screen for 
inspection.   If a particular shape is judged to be 
attractive,  it can be immediately saved in a  
library of selected initial designs.   If no shape is 
considered to have a satisfactory appeal, the 
whole fuzzy set of shapes is saved for further 
manipulation.   In addition, the user has the 
option to add his or her own aesthetic description 
to a chosen shape (e.g. sensual, aggressive) and 
save this description for future reference.  Thus,  
the shape descriptors can be adapted to each 
user’s aesthetic sense.  This capability is very 
important, given that the value of a design often 
relies strongly on its distinctive and unique style.   
 
Although deformable superquadrics have been 
used as the underlying geometric representations, 
the methods discussed in this paper can be 
readily adapted to other types of geometric 
entities as long as they have identifiable shape 
parameters that can be used for shape control.   
 
The next section describes how  a library of fuzzy 
shapes can be constructed by examining relevant  
issues concerning indexing, querying and 
retrieval.  
 
4. INDEXING AND RETRIEVAL OF 
FUZZY SHAPES 
 
To design and construct a fuzzy shape database, a 
flexible and expressive approach is required to 
deal with problems arisen from fuzzy indexing, 
fuzzy querying and fuzzy retrieval.  We choose a 
possibility-based  relational database model 
because it is more expressive and flexible than 
the similarity-based and fuzzy-relation-based 
approaches.  The former  associates a similarity 
relation to each attribute by pre-partitioning its 
domain, hence it is only suitable for discrete and 
finite sets of fuzzy values.  The latter  represents 
imprecise information by associating a single 
degree of certainty to each tuple, thus reduces its 
expressive power (e.g. Petry and Bosc 1996).  
  
As a fuzzy shape is described by a set of shape 
descriptors and represented by a set of shape 
parameters, a database of fuzzy shapes has only 
fuzzy attributes and ordinary relations.  Each 
attribute represented by a fuzzy set is treated as 
an entity.  Thus, an abstract E-R model can be 
constructed to link each shape with a set of shape 
descriptors and shape parameters.  Each shape 
descriptor is coupled with the user’s degree of 
fulfilment (DOF) while each shape parameter is 
coupled with a fuzzy distribution.   A relational 
database  can then be constructed by forming 
tables from these E-R models.   
 
The  attribute values in a fuzzy database are 
fuzzy sets. Hence each tuple is not unique and 
can have many interpretations.   However, we 
can address this problem by treating two fuzzy 
sets as being close to each other, rather than 
being identical.  The comparison of two fuzzy 
sets can be done by two ways: by comparing two 
possibility distribution for each element in the 
domain; or by comparing the closeness of both 
the possibility distribution and of the domain 
values.  Since the domain values for shape 
parameters may differ significant from each 
other, it is more difficult to judge the degree of 
similarity for each in advance.  Thus, it is much 
simpler to adopt the former approach by using 
the relative area of intersection of two fuzzy sets 
to measure their closeness (Raju and Majumdar, 
1988).  For  tuples with more than one fuzzy 
attribute, the overall closeness measure is 
calculated as the minimum of the measures of all 
fuzzy attributes.  Two tuples are then considered 
the same if this measure is higher than a pre-
defined threshold. 
 
A fuzzy attribute cannot index itself because its 
value is a fuzzy set with different degrees of 
certainty.   Hence, only one DOF is not sufficient 
to retrieve a tuple and usually an additional 
attribute needs to be deployed as an identifier.  A 
fuzzy set can be indexed by its support and core, 
where the support is the subset of the possibility 
distribution with membership greater than 0 and 
the core is the subset with membership equal to 1 
(e.g. Bosc 1989).   Thus, if a fuzzy set is a 
trapezoidal with vertices (a,b,c,d) from left to 
right, then the support is [a,d] and the core is 
[b,c] (Fig. 5).  These values are used as the lower 
and upper bounds for initial fuzzy matching 
during the retrieval process.  Once a reduced set 
of relations is determined, a fuzzy shape can be 
retrieved  based on its DOF for each attribute. 
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Fig. 5. The core, support and alpha cut of a fuzzy set. 
 
A fuzzy query can be either simple (query by a 
single fuzzy shape descriptor), or combined 
(query by multiple shape descriptors).  An 
effective way to represent the DOF functions of a 
fuzzy shape descriptor is to use the alpha-cuts of 
the  fuzzy set, where an alpha-cut is the subset 
containing elements with membership grade 
greater than the value α  (see Fig. 5).  Each alpha 
cut is represented by two endpoints. This set of 
alpha cuts is used as a datum set.  The fuzzy set 
related to the predicate in the fuzzy query is used 
as the condition set.   
 
The supports of the pattern and a data set are 
firstly examined and  further computation is only 
needed if they intersect.  The retrieval is 
performed based on two variables:  the possibility 
and necessity degrees.  The possibility gives the 
extent of the intersection of the pattern and datum 
set, and is the maximum membership value of the 
intersection set.  The necessity degree gives the 
extent of the semantic entailment of a pattern set 
to a datum set and is the minimum membership 
value of the union set to a given datum set.  Thus, 
the interval defined by the necessity and 
possibility degree provides the lower and upper 
bounds for the degree of matching between the 
pattern and datum sets.   Since the possibility 
degree is always greater than the necessity 
degree, it is computed first.  If the possibility 
degree is 0 then no further work is necessary.  
 
For queries concerning multiple attributes, 
conjunction or disjunction operations can be 
performed using the min or max function.  More 
details on the structure of a database of fuzzy 
deformed superquadrics and how well fuzzy 
queries can be performed on this database may be 
found in (Zhang & Pham 2001).  
 
For each query based on fuzzy shape descriptors, 
a set of  fuzzy shapes is obtained.   To facilitate 
the selection of a shape or a number of shapes out 
of this set, we need to identify criteria for 
selection and a way to measure the how close 
each shape matches with these criteria.  This 
problem is dealt with in the next section. 
 
5.  FUZZY FITNESS MEASURES 
 
The selection of a particular fuzzy shape out of a 
set of fuzzy shapes can be performed in a number 
of ways.  The user may directly choose a shape 
with most appeal, or may perform a comparative 
evaluation.   The reasoning process at this stage 
may be based on functional, ergonomic or 
aesthetics requirements.  In general, functional 
requirements tend to be more precise while 
aesthetic requirements are most imprecise and 
hence are most difficult to deal with.  Even in the 
latter case, some progress has been made to 
articulate and quantify aesthetic requirement with 
the intention to establish a computational model. 
 
There are two main views on aesthetics. The 
romanticists believe that beauty exists in the 
mind of the observer and it is not possible to 
stipulate laws that govern aesthetic judgement.  
The rationalists, on the other hand, believe that 
aesthetic experience and evaluation can be 
explained by identifying the factors associated 
with each sensory experience, hence aesthetic 
rules or principles can be formed to assist with 
the creation and evaluation processes.  
 
We share Reich’s view that “design is an iterative 
process composed of romanticist generations, 
followed by rationalists adaptations” (Reich 
1993).  Thus, we believe that alternative designs 
may be  produced from an initial shape generated 
from scratch or from a previous successful design  
via the modification of rules  and parameters 
which can be defined in a rational way.  
Furthermore, in order to capture human 
perception   and intention, we wish to include 
fuzzy rules and fuzzy parameters in this process. 
To perform reasoning on the goodness of a shape  
is an essential task in design and  is usually done 
based on designers’ experience and preference.  
However, a few researchers have  attempted to 
make this task more concrete by constructing 
aesthetic measures.  For example, measures for 
bridge aesthetics (balance, harmony) were 
constructed based on the proportions between 
various parts of a bridge (Reich, 1993), while  
aesthetic measures for car body parts were 
computed based on the effects of the variation of 
curvature on their reflection lines (Pham and 
Zhang 1999).  
 
In general, to facilitate judgement during 
evaluation, we need to construct measures based 
on the criteria of requirements.  As some criteria 
are imprecise, these measures need to be able to 
cope with this impreciseness.  In particular, we 
need to be able to define fuzzy measures and 
have appropriate schemes to compare them.  The 
order can be crisp in simple cases, but can also be 
fuzzy in the sense that there is some degree of 
uncertainty about the judgement. 
 
The decision on which fuzzy shape parameters to 
be used in these measures and how they are 
calculated vary with application domains and 
should be addressed specifically for each domain. 
Thus, this problem is outside the scope of this 
paper.  However, once these parameters and 
formula are identified, we wish to know how they 
can be represented and compared. 
   
A fuzzy shape is a family of shapes with similar 
properties and is represented by a set of shape 
parameters with fuzzy membership values.   
Hence, we can represent such a fuzzy shape by a 
string of fuzzy sets, each of which consists of 
possible values of a particular geometric 
parameter with different degrees of certainty.   
For example, a fuzzy superquadric is represented 
by a string of 8 fuzzy sets for 8 shape parameters.  
For the sake of simplicity and efficiency, we may 
use triangular and trapezoidal membership 
functions and represent each fuzzy set as a family 
of alpha-cut endpoints.   These alpha values are 
located at equal intervals.  Thus, each individual 
fuzzy shape is encoded as a string of real 
numbers between 0 and 1. 
 
The measure of the goodness or fitness of each 
fuzzy shape requires the evaluation of objectives 
and  constraints together with  the optimisation of 
their aggregation.   This in turns requires  
methods for performing three tasks: to evaluate a 
multi-dimensional fuzzy function; to determine 
how well a fuzzy constraint is satisfied; and to 
find the maximum or minimum of a fuzzy 
function.  In another paper presented in this 
conference (Zhang et al., 2002), we discuss in 
detail how these tasks can be performed for  a 
fuzzy genetic algorithm to achieve the evolution 
of fuzzy deformed superquadrics.  This algorithm 
has been implemented and applied to optimise 
the design of an office chair.  The objective 
function in this case is defined in terms of the 
squareness, thickness and curvature of the back 
of the chair.   
Fuzzy fitness measures can also be useful in  
other design situations.    Firstly, they can be 
used for direct comparative analysis of 
alternative designs in order to decide the order of 
satisfaction given certain criteria.  Secondly, 
similarity measures can be derived from these 
fuzzy fitness measures and deployed as  criteria 
for retrieving a fuzzy shape from a database of 
fuzzy shapes. 
We have discussed how design decisions can be 
achieved via the use of fuzzy fitness measures.  
In the next section, we discuss how fuzzy 
reasoning can assist with various design tasks. 
     
6.    FUZZY REASONING ON FUZZY 
SHAPES 
 
Traditional geometric techniques provide ways of 
modeling object descriptions and manipulation, 
especially at low level.  However, as we have 
already mentioned in previous sections, design 
intentions expressed in terms of a natural 
language cannot be easily mapped into geometric 
entities and operations.  In addition, these 
techniques are not effective for dealing with 
higher level knowledge such as the global aspects 
of objects or the relationships between different 
features of the objects.   The need to couple 
geometric information with other types of 
information (e.g. functional, manufacturing) also 
provides incentive to develop better 
representation schemes.     For example, objects 
may be represented as a hierarchy of features 
with relevant spatial and functional information 
in a feature-based design system.  Knowledge-
based systems have also been developed to better 
support design by using rules to resolve 
constraints or derive new facts.  Automated 
reasoning or inferencing have been deployed to 
support tedious tasks and maintain information 
dependency and consistency.  It can also be used 
for searching design alternatives which are 
optimal under certain criteria. 
Propositional logic which provides a foundation 
for developing rules for decision making in many 
domains, involves the combination of atomic 
propositions  with negation and connectives ‘and’ 
and ‘or’ to form a composite statement.  The 
most common type of inferencing is forward 
inferencing which infers new knowledge from 
existing knowledge and identify inconsistencies 
and conflicts so that inadequate or invalid designs 
may be modified.  It can be used to support both 
spatial and geometric reasoning as well as 
checking value propagation via algebraic 
expressions.  The backward chain reasoning, on 
the other hand, can be used to infer cause and 
effects in design assessment and analysis 
(Smythers 1988).  In addition to deduction and 
induction, some authors have argued that another 
type of logic that is also effective for assisting 
with design innovation is abduction, where 
statements are derived from given logical rules 
and logical consequences (e.g. Coyne et al. 
1987).  
 
There have been a few attempts to extend 
propositional logic to cater for more complex 
types of reasoning, especially with special 
purposes in mind.  For example,  Johnston 
extended propositional logic to develop a logic of 
speculative discourse by introducing extra values 
besides ‘true’ and ‘false’ to denote the states that 
are testable in future (Johnston 1996).  To enrich 
design reasoning, Galle used modal logic, where 
special operators (such as ‘required’, ‘good’ and 
‘desirable’) were introduced to modify the 
meaning of propositions (Galle 1997).    
 
Our approach is to combine fuzzy logic  with 
propositional logic to capture the impreciseness 
in human judgements, where fuzziness occurs in 
both the predicates and operators.   Such fuzzy 
reasoning is useful at many levels.  At numerical 
level, the propagation of imprecise values can be 
resolved.  At  geometric level, it can be applied to 
imprecise geometric reasoning about shape, 
spatial occupancy and spatial relationship.  Both 
of these  cases have been demonstrated to be 
useful for the specification and retrieval of fuzzy 
shapes.  At a global level, fuzzy reasoning can 
also be used to deal with non-spatial global 
characteristics of a design. 
 
Fuzzy reasoning on spatial occupancy and 
relationship is especially useful during the 
process of constructing fuzzy composite shapes 
and in configuration design.  Fuzzy modelling 
involves both structure design and parameter 
design, where the former is concerned with the 
partition of the design space and the latter deals 
with numerical values for the fuzzy sets. The 
fuzzy characteristics of a fuzzy composite shape 
may occur at three levels.   Firstly, the shape 
components may not have precise boundaries. 
Secondly, the relationships between components 
may be categorized with different degrees of 
certainty.  Thirdly, the interpretation of the same 
linguistic terms that describe the relationships 
may vary between people.  
 
Composite shape construction requires the 
specification and reasoning on the topology, and 
relative location of shape components in terms of 
relative orientation and distance.   Topological 
relations provides information on the 
connectivity of components and are invariant 
under common transformations such as 
translation, rotation and scaling.  These relations 
can be resolved by partitioning the space of each 
component into three parts: boundary, interior 
and exterior.  Points are then grouped according 
to this classification.  In the case of  a fuzzy 
shape component, the classification needs to 
include the computation of membership function 
values which indicate the degree of certainty of 
each decision.  
 
The spatial relationships between components 
can be expressed using a scheme based on the 
extension of Allen’s interval temporal logic 
(Allen 1983, Hu et al. 1996) to cover 3D spatial 
concepts such as A is under B or A is north of B.  
Spatial relations between newly added 
components and existing components may be 
resolved by applying qualitative reasoning, 
where inference may be performed by symbol 
matching and   new relations are inferred by 
computing the transitive closure of relations that 
form the connection.   Fuzzy reasoning is more 
expressive and powerful  than qualitative 
reasoning because it uses linguistic terms that 
possess quantitative semantics expressed in 
membership values.  In this case, the degrees of 
certainty can be  added to the specification of 
spatial relations during the generation stage and 
to the fulfillment of requirements during the 
evaluation stage. 
 
Boolean operations which need to be performed 
on fuzzy shape components to obtain a fuzzy 
composite shape,  involve two tasks.  The first 
task is to perform Boolean operations on crisp 
shape components which belong to the 
corresponding fuzzy sets of shape components.  
The second task is to resolve the fuzziness 
affecting the composite shape by computing the 
max or min of relevant membership functions of 
the components (as explained in section 2).   
 
For configuration design,  Boolean operations are 
not required, but instead, fuzzy constraints may 
be applied to ensure the resultant object satisfies 
specific requirements, e.g. functionality, 
conflicts, aesthetic, etc.   Very often, several 
alternatives can satisfy the requirements, hence 
the problem reduces  to an optimization problem 
with fuzzy constraints on fuzzy entities.  One 
way of solving this optimization problem is to 
use the  fuzzy genetic algorithm mentioned in 
section 5 and presented in detail in another paper 
presented in this conference (Zhang et al. 2002).  
Each individual would have a fuzzy 
representation in terms of a tuple composed of 
fuzzy sets of spatial relations (relative topology, 
relative orientation, relative distance).  A fuzzy 
fitness function would have to be defined for 
each specific requirement in terms of these 
parameters. 
 
We envisage that this approach of fuzzy 
optimization would also be applicable for two 
other important areas of design – parametric and 
feature-based design.  In the next section, we 
discuss the motivation for using fuzzy logic and 
propose methods for dealing with these 
applications.   
 
7. FUZZY PARAMETRIC DESIGN 
AND FUZZY FEATURE-BASED 
DESIGN 
Parametric design is a modeling paradigm where 
a set of parameterized constraints are placed on 
the degrees of freedom (DOF) of a model.  These 
DOFs are usually chosen so that they have a 
geometric meaning and the constraints which 
specify certain relations between the DOFs, can 
be of many types.  These constraints can involve 
geometric construction (e.g. as discussed in the 
last section), or  some high level behaviour of the 
model.  The main advantage of parametric design 
is to enable design variations to be produced 
easily and quickly via the modification of 
parameters.  However, most current methods 
compute a solution of DOFs by solving systems 
of equations, hence require an exact specification 
of all the constraints.  This limitation in 
flexibility is not suitable for cases where users 
only wish to exert imprecise guidelines on the 
DOFs of the model. One way to solve this 
problem is to use ‘soft’ constraints where a 
different softness function is defined for each 
constraint.  This approach is called relaxed 
parametric design.  The softness functions may 
be simply a scalar  or a complex function.   Hel-
Or et al. developed a scheme for relaxed 
parametric design which they termed 
‘probabilistic constraints’ where covariance 
matrices were used as the softness functions 
(Hel-Or et al. 1994).  These covariance matrices 
denote a measurement of uncertainty associated 
with the constraints.  By viewing the model as a 
stochastic model of measurements, estimates for 
the DOFs are then computed by using the 
Kalman filter. 
We propose to relax the constraints in a more 
intuitive way by replacing each softness function 
by a vector of fuzzy sets, where each fuzzy set 
gives the degrees of certainty for each constraint.  
The relaxed parametric design problem can now 
be formulated as a fuzzy optimization problem 
with fuzzy constraints.  Fuzzy genetic algorithms 
can again be used to obtain alternative solutions. 
In feature-based modeling, the key features of 
interest in an application domain (e.g. mechanical 
parts) are identified and a library of features is 
created.  Each feature is represented by a set of 
parameters.  This allows users to rapidly design a 
model by combining these features, instead of 
working from common low level geometric 
primitives.  This paradigm requires users to know 
how a feature is defined in advance and limits 
new models to those that can be made from these 
features.  If the features of a model (that a user 
has in mind) are not known in advance, they have 
to be automatically recognized and extracted 
from the model, before they can be represented 
using common geometric primitives and stored in 
the library.  In doing so, however, special 
information has not been included (e.g. expert 
knowledge on the functions of each feature).  
Martino et al. argued that both approaches of 
design by features and feature recognition have 
drawbacks if used in isolation or in a sequential 
fashion with each other (Martino et al. 1994).  
The design-by-features approach takes advantage 
of specific design context while feature 
recognition provides more flexibility.   They 
introduced an integrated system which is 
composed of  a design-by-feature module and a 
feature-recognition module.  An intermediate 
model which is used for communication between 
these two modules stores instances of features 
either created from the design-by-features 
process or extracted from the feature-recognition 
process.  This intermediate model also acts as a 
link between a geometric model and a feature-
based model. It contains all information on 
geometry, topological and spatial relationships 
which can be represented in a hierarchical graph.  
A library of features can be set up dynamically to 
contain both pre-defined and user-defined 
features. 
To enrich the capacity of such an integrated 
system for feature-based modeling, we propose to 
introduce fuzziness to both the intermediate and 
feature models.  In other words, fuzzy sets would 
be used to extend the description and 
representation of geometric information as well 
as topological and spatial relationships.   The 
fuzziness in these models would allow not only 
design intents to be captured more effectively, 
but also assist with the process of feature 
recognition.  In the latter case, this would make 
decisions made during recognition more robust 
by providing a scheme to address the difficulties 
caused by the uncertainty in data.  This problem 
is a common one  due to inherent ambiguity in 
boundary definition and feature classification 
(e.g. a part is slightly protruded). 
Fuzzy reasoning would also be useful in the 
process of mapping a model from one context to 
another.  As the three types of model involve 
different levels of representation from an exact 
low level description to a less precise global 
description, fuzzy logic provides a convenient 
and effective way to capture this dynamic 
variation. 
 
8. CONCLUSION 
 
We have presented a unified framework  based 
on fuzzy logic for introducing fuzzy 
characteristics into a number of important tasks  
in solid modeling.  This approach also allows 
shapes to be described and specified using hedges 
in natural languages.  The feasibility of the 
approach and the performance of a few methods 
to achieve specific tasks have been demonstrated 
for deformable superquadrics (Pham and Zhang 
2000, Zhang et al. 2001, 2002).   The results of 
the implementation show that the amount of time 
required for processing a complete fuzzy set for 
each fuzzy shape for each step  is extensive.   To 
reduce this computational cost, it would be 
necessary to limit the number of elements 
contained in each such fuzzy set (e.g. 4 to 6 
typical shapes).   This number of approximate  
shapes for representing each rough shape should 
be sufficient for practical purposes. 
 
We are currently  investigating the effectiveness 
of these methods when applied to generic fuzzy 
geometric primitives.  Ongoing work also 
includes the integration of fuzzy reasoning into 
parametric design and feature-based design. 
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